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inii . For the sprout-based trees of this species, Salam
and Pelkonen (2012) have developed the first prelimi-
nary model, which is based on the 3-parameter Gom-
pertz sigmoid curve to predict radius and volume on
the basis of stem analysis data. The results from the
preliminary model have encouraged them also to ex-
tend their modelling work on Salix schwerinii. Taper/
volume functions become the primary tool for estimat-
ing the volume of a whole stem or at any part of a stem
by means of mathematical integration of the section
area along the tree axle (Silva et al. 2006 and de-Miguel
et al. 2012).

Several equation forms were screened for model-
ling the stem shape and for estimating the stem vol-
ume, based on a review of the literature (Newton and
Sharma 2008, Fonweban et al. 2011, Subedi et al. 2011,
de-Miguel et al. 2012, Li et al. 2012 and Menéndez-
Miguélez et al. 2014). Very recently, Padari et al. (2014)
have used taper function to estimate volumes of as-
sortments. In this study, for our taper modeling we
evaluated the equivalents developed by Kozak et al.
(1969), Demaerschalk (1972), Demaerschalk (1973),
Ormerod (1973), Max and Burkhart (1976), Laasasena-
ho (1982), Kozak (1997), Zakrzewski (1999), Bi (2000),
Sharma and Oderwald (2001) and Lee et al. (2003); for
the fitting volume functions  we focused on the mod-
els published by Schumacher and Hall (1933), Burkhart
(1977), Romancier (1961) and Newnham (1967).

In a preliminary analysis, all of the cited taper func-
tions were fitted to the whole data set and explored
graphically. In this study, all of the statistical evalua-
tion and other graphical renderings of the data were
obtained by using the R-software tool (R Development
Core Team 2011). The graphically best fitted taper func-
tions were selected in order to estimate the volumes.
The models were fitted for r2 since tree volume is the
integral of the cross-sectional stem area over the tree
height. A model that provides unbiased predictions for
the cross-sectional area is needed for an unbiased pre-
diction of volume. This condition is satisfied with the
model for r2 but not with the model for r (Bruce et al.
1968 and Gregoire et al. 2000 and de-Miguel et al. 2012).
Models for the whole data can be represented by
yijt

2 = [f (zijt , xjt, βββββ)] 2 +εijt, (2)
where: y ijt is the ith measurement of the response var-
iable (radius in mm) on the jth subject (tree) at age (t);
zijt is the ith  measurement of the corresponding predic-
tor (sectional height; cm) on the jth subject (tree) at
age (t), xjt also represents the corresponding predic-
tors (i.e., RBH (radius at 130 cm height) and total tree
height (H)), βββββ is a p+1-length vector of parameters;
e.g., βββββ =( β0, β1,………, βp),  f is a non-linear function;
and ε ijt  is the residual (Pinheiro and Bates 2004, Shar-
ma and Parton 2007).

The resultant selected functions are referred to as:
Model (M1) – (M6) and these taper functions can be
replaced in Equation (2). The mathematical expressions
and details are presented in Table 2.

If we assume that the sectional area (A) of a tree
with radius r

ijt
 (mm; at height hijt) is equal to (πr2

ijt),
and that the integration of this area from h1 to h2 along
height hijt, we can obtain a compatible volume estimate
for the section between h1 and h2, where the setting
h2 = 0 (base of the tree), h1 = H  (top of the tree). The
volume equation for the whole stem can be represent-
ed mathematically as follows:

= dh 

       In Equation 9,     can be seen the predicted vol-
ume (dm3) of stem j at age t, while all other notations
have been previously defined (West 2003; Silva et al.
2006 and de-Miguel et al. 2012). By substituting the
right-hand sides of the taper functions Equations (3)
- (8) for r

ijt
 in Equation 9, the volumes can be estimat-

ed and the mathematical expression of the functions
can be also represented as follows, where the nota-
tions have been previously defined in Table 2:

(10)

Direct modelling of tree volume
A general expression of the volume models for the

whole data can be written as:
yjt = f (xjt, βββββ) + ε

jt
(11)

where: y jt is the response variable (volume; dm3) on
the jth subject (tree) at age (t), xjt represents the cor-
responding predictors (i.e., RBH (radius; mm at 130 cm
height) and total tree height (H)), βββββ is a p+1-length
vector of the parameters; e.g., βββββ = (β0, β1… βp), f is a
function; and ε jt is the residual (Pinheiro and Bates
2004, Sharma and Parton 2007).

The cited volume functions are referred to as:
Model (M7) – (M10). The models referred to can be
replaced respectively in Equation (11). The mathemat-
ical expressions and details are presented in Table 3.

Model Evaluation criteria
The regression evaluation criteria for model de-

velopment and selection, and also for cross validation
involving root mean square error (RMSE), the coeffi-
cient of determination (R2) can be represented using
the equations:

(16)

(17)

(9)
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  = ( |Hjt, ,  , ) dh 

RMSE =   

R2 = 1-  , 
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